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New closed form solutions to the Lorentzian signature symmetry reduced Bianchi IX Wheeler
DeWitt equation are obtained using a Euclidean-signature semi classical method for Hartle Hawk-
ing ordering parameters ±2√33 for the Moncrief-Ryan (or wormhole) Hamilton-Jacobi solution.
Moving past the wormhole case we also compute first order quantum corrections to Bianchi IX
wave functions restricted to the β+ axis for the ’no boundary’ solution[1] and one of the ’arm’ so-
lutions [2]. Furthermore, six solutions to the Bianchi IX Euclidean-signature Hamiltonian Jacobi
equation for the case when a cosmological constant is present have been found and are used to con-
struct a semi-classical (leading order wave functions) which respects the symmetry of the Bianchi
IX potential. Also two additional solutions were found when both a cosmological constant and an
aligned primordial magnetic field[3] are present, which are also used to construct a leading order
wave function. Furthermore we construct leading order ’excited’ states which are restricted to the
β+ axis for the cases when a cosmological constant and a primordial magnetic field are present. To
conclude, we discuss the interesting features of our solutions, and point out how the cosmological
constant appears to act as a driver of anisotropy in our Bianchi IX models. The Euclidean-signature
semi-classical method used here is applicable to certain [4] field theories as well. Because this semi
classical method was able to find new solutions to a heavily studied problem the results in this
paper represent significant progress in the Wheeler-DeWitt approach to quantum cosmology and in
the application of Euclidean-signature semi classical methods to Lorentzian signature problems in
general.
I. INTRODUCTION
Of all the Bianchi models, the Bianchi IX models have
been the ones to be most thoroughly investigated. This
is partly due to the interesting ’chaotic’[5] [6] [7] behav-
ior they exhibit near their singularities and the fact that
their spatial hyper-surfaces are a relatively intuitive topo-
logical 3-sphere. The topology of the Bianchi IX models
is shared with the K=1 FLRW models, which previously
was widely believed to be a good approximation for our
physical universe, until more precise cosmological obser-
vations [8] showed otherwise. The vacuum diagonalized
Bianchi IX models (or the Mixmaster models) were first
studied by Belinsky, Khalatnikov and Lifshitz (BKL) to
investigate the nature of cosmological singularities [9];
and also by Misner, who used the Hamiltonian approach
for the study of its dynamics and was the first to consider
its quantization [10] [11]. Bianchi IX models have been
studied in a plethora of contexts such as homogeneous rel-
ativistic cosmologies, supergravity [12–20], in Euclidean
signature settings [21], and with local approximations to
the full Bianchi IX potential [22]. The quantum cosmol-
ogy of Bianchi IX models with a cosmological constant
was previously investigated by employing Chern-Simons
solutions in Ashtekars variables [23] [24] using a different
class of operator ordering than the one we will exclu-
sively consider. Classical Bianchi models with a primor-
dial magnetic field have been investigated sporadically
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since the 1960s [25]. In the 80s Dieter Lorenz studied
the classical Bianchi VIII and IX models [26] with mat-
ter and an electromagnetic field; other investigations into
the Bianchi I [27] and VI models [28] were done in the
90s as well. In this paper we will only consider primordial
magnetic fields from a diagonalized stress energy tensor
whose contribution to the potential of the Hamiltonian
has the form contained in [3]. To the author’s knowl-
edge there hasn’t been any published investigations into
quantum cosmological Bianchi A models with a primor-
dial magnetic field. Besides what the author will present
in this paper on the Bianchi IX models, he has already
amassed a large amount of preliminary results for so-
lutions to the Lorentzian signature symmetry reduced
Wheeler Dewitt equations(for particular ordering param-
eters, and for arbitrary ordering parameters) for a variety
of Bianchi A models with and without matter sources, in
addition to their corresponding LRS models.
The first to apply the Euclidean-signature semi clas-
sical method to the Bianchi IX models and demon-
strate that for the wormhole case smooth globally defined
asymptotic solutions exist for arbitrary ordering param-
eter and formulate a way of computing those terms were
Joseph Bae and Vincent Moncrief [29] [4].
The diagonalized Bianchi IX models we will quan-
tize are parameterized by the following Misner vari-
ables (α, β+, β−) [30][10], where α(t) gives the size of
the three-dimensional hyper surface relative to its initial
size; the anisotropy parameters (β(t)+, β(t)−) describe
the anisotropy of the hyper surface or in other words
how distorted the surface is from a perfectly round 3-
sphere. All three Misner variables can range from −∞
to ∞ and define the minisuperspace of the Bianchi IX
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2models. Classically as mentioned the Bianchi IX models
exhibit ’chaotic’ behavior. This results in complications
[31] in trying to solve their symmetry reduced Wheeler
DeWitt equation in Lorentian signature using traditional
semi classical methods.
To get around this and solve the Lorentzian signature
Bianchi IX symmetry reduced Wheeler Dewitt equation
we employ a Euclidean-signature semi classical method
[32][4] which converts the symmetry reduced Wheeler
DeWitt equation into an infinite sequence of equations,
the first among them being the Euclidean-signature
Hamilton-Jacobi equation, followed by infinitely many
linear transport equations. As will be shown in detail
soon, this infinite sequence of equations can truncate if
solutions exist for lower order transport equations which
cause the solutions of the higher order transport equa-
tions to be satisfied by zero. If the sequence truncates
then a closed form solution to the symmetry reduced
Wheeler DeWitt equation can be written down. Even if
the infinite sequence of equations cannot be terminated,
under certain circumstances which are discussed in[33]
and [4] one can prove inductively that smooth globally
defined solutions exist for all of the higher order equations
and thus establish an asymptotic solution. Furthermore,
this method allows one to define ’ground’ and ’excited’
states [4]. These ’excited’ states can be broken up into
’bound’ and ’scattering’ states, despite the physically rel-
evant wave functions being those which are annihilated
by the quantized Hamiltonian constraint Hˆ⊥Ψ = 0 and
thus admitting only zero as eigenvalues. Because the
symmetry reduced Wheeler DeWitt does not have the
form of a Schro¨dinger equation we must take with a
grain of salt bestowing the classification of ’ground’ or
’excited’ onto these solutions. Nonetheless qualitatively
the full solutions and leading order solutions which were
found using this method by Joseph Bae in a previous
work [29] qualitatively behave like typical ground and
excited states in ordinary quantum mechanics, so there
is justification for calling them such which we will further
elaborate on.
This paper is organized as follows: first, we review
the canonical quantization of the diagonalized Bianchi
IX models with a cosmological constant, outlining how
we obtain the Hamiltonian constraint and the relevant
symmetry reduced Wheeler-DeWitt equation. Next, we
present the modified semi-classical method as developed
by Moncrief et al. [32], and the resulting equations it
produces which in principle can be solved to construct
an asymptotic solution to the symmetry reduced Wheeler
DeWitt equation for arbitrary Hartle Hawking parame-
ter. We will then show that only a finite number of them
need to be solved to obtain closed form solutions for the
Bianchi IX symmetry reduced Wheeler DeWitt equation
for the factor ordering parameters ±2√33. Once the new
closed form solutions generated directly from the semi-
classical method are presented we will find more solu-
tions using the rotational symmetry of the Bianchi IX
potential. Before moving on we will discuss the matter
of our closed form solutions not respecting the rotational
symmetry of the potential, and use superposition to con-
struct an interesting wave function out of the family of
semi-classical(leading order) Bianchi IX ’wormhole’ solu-
tions that Joseph Bae[29] computed. Afterwards we will
compute first order quantum corrections to leading order
wave functions restricted to the β+ axis who’s leading
order (semi-classical) terms are the ’no boundary’ solu-
tion, and one of the ’arm’[2][33] solutions. We will also
construct leading order (semi-classical) ’excited’ states
for the wave functions for the aforementioned wave func-
tions restricted to the β+ axis. In addition we will look
at the ”arm” solutions in the full β plane, and plot a
superposition of leading order wave functions composed
of the ”arm” solutions ’ground’ and ’excited’ ’wormhole’
solutions, and the ’no boundary’ solution. Then we will
present solutions to the Euclidean-signature Hamilton-
Jacobi equation for the Bianchi IX models with a cos-
mological constant, and an aligned primordial magnetic
field, and use them to construct additional leading order
solutions. The leading order solutions for the case with
only a cosmological constant will respect the symmetry of
the Bianchi IX potential after applying a straightforward
group averaging procedure to them. We will then exam-
ine these solutions along the β+ axis. Finally, we will
discuss the interesting properties that these wave func-
tions possess. It should be noted that past this point all
references to the Wheeler DeWitt [34] equation unless
otherwise stated refer to the finite dimensional symme-
try reduced Bianchi IX Wheeler DeWitt equation. Also
we will use the terms leading order solution, and semi-
classical solutions interchangeably.
II. THE BIANCHI IX MODELS WITH
COSMOLOGICAL CONSTANT
The Bianchi IX, or Mixmaster cosmological models are
spatially homogeneous, but anisotropic space-times de-
fined on the manifold R× S3. Their metrics can be rep-
resented using the following basis whose elements are the
one forms
σ1 = cosψdθ + sinψ sin θdφ
σ2 = sinψdθ − cosψ sin θdφ
σ3 = dψ + cos θdφ
(1)
which satisfy
dσi =
1
2
ijkσ
jσk (2)
where ijk is completely anti-symmetric with 123 = 1.
When the stress energy tensor vanishes the non diagonal
Bianchi IX line element can be expressed with a proper
choice of gauge as a diagonal line element in terms of
the one forms (1), thus without loss of generality due to
3gauge equivalence we can write out the line element for
the Bianchi IX models as the following
ds2 = −N2dt2 + L
2
6pi
e2α(e2β)ijσ
iσj (3)
where the space-time coordinates are (t, θ, φ, ψ) and
(
e2β
)
= diag
(
e2β++2
√
3β− , e2β+−2
√
3β− , e−4β+
)
(4)
which is expressed in Misner variables (α, β+, β−); L
can be any real number except zero and has dimensions
of length which indicates in what unit α measures the
spatial size of the hypersurface. To ensure that the metric
is homogeneous the Misner variables can only depend on
an evolution parameter. Furthermore to ensure that our
metric has the proper signature, the lapse N(t) cannot
change sign or vanish for any real value of the evolution
parameter.
In terms of Newton’s constant, G, and the speed of
light, c, the Einstein-Hilbert action for the case where
the stress energy tensor vanishes is
IEH =
∫
c3
16piG
√−g(R− 2Λ)d4x (5)
where
√−g is the square root of minus the determinant of
the space-time metric, R is the Ricci scalar of the space-
time metric and d4x is dtdθdφdψ. The metric tensor guv
can be read off from the line element (3). To obtain the
Lagrangian we integrate over the spatial portion of the
action, where our spatial variables will have the following
ranges, θ ∈ (0, pi), φ ∈ (0, 2pi), ψ ∈ (0, 4pi).
In addition because our variation with respect to the
Misner variables and α˙ vanishes at the boundary points,
we drop all terms which can be represented as total time
derivatives. Thus, our Lagrangian [35] [36] can easily be
read off from the resulting action.
IADM :=
c3L3pi
G(6pi)3/2
∫
I
dt
{6e3α
N
(
−α˙2 + β˙2+ + β˙2−
)
− (6pi)Ne
α
2L2
[e−8β+ − 4e−2β+ cosh
(
2
√
3β−
)
+ 2e4β+
(
cosh
(
4
√
3β−
)
− 1
)
− 2e
2αL2Λ
3pi
]}
:=
∫
I
LADMdt
(6)
The Hamiltonian is constructed via applying the fol-
lowing Legendre transformation
H⊥ := pαα˙+ p+β˙+ + p−β˙− − LADM
pα =
∂LADM
∂α˙
=
−c3L3pi
G(6pi)3/2
12e3αα˙
N
p+ =
∂LADM
∂β˙+
=
c3L3pi
G(6pi)3/2
12e3αβ˙+
N
p− =
∂LADM
∂β˙−
=
c3L3pi
G(6pi)3/2
12e3αβ˙−
N
(7)
In terms of these canonical variables
(pα, p+, p−, α, β+, β−) the Hamiltonian constraint
for which the lapse acts as a Lagrange multiplier is the
following.
H⊥ : = (6pi)
1/2G
4c3L3e3α
{(−p2α + p2+ + p2−)
+
(
c3
G
)2
L4e4α
[
e−8β+
3
− 4e
−2β+
3
cosh
(
2
√
3β−
)
+
2
3
e4β+
(
cosh
(
4
√
3β−
)
− 1
)
+
2e2αL2Λ
9pi
]}
(8)
To quantize the above classical system we will use stan-
dard canonical quantization.
pα −→ pˆα := h¯
i
∂
∂α
p+ −→ pˆ+ := h¯
i
∂
∂β+
p− −→ pˆ− := h¯
i
∂
∂β−
(9)
Here h¯= h2pi where h is Planck’s constant.
Due to the ambiguity present in quantizing products of
classical variables we will proceed to quantize the product
of generalized coordinates and momenta using the above
procedure by introducing the Hartle Hawking ordering
parameter B [1] in the following way.
−e−3αp2α −→ h¯
2
e(3−B)α
∂
∂α
(
e−Bα ∂∂α
)
e−3αp2+ −→ −h¯
2
e3α
∂2
∂β2+
e−3αp2− −→ −h¯
2
e3α
∂2
∂β2−
(10)
In this work we assume that B is an arbitrary real
number.
If we substitute all of the above and do a little rear-
ranging we obtain the Wheeler DeWitt equation which
4will be the main focus of this work(
`p
L
)3
e−(3−B)α
∂
∂α
(
e−Bα
∂Ψ
∂α
)
− e−3α
(
∂2Ψ
∂β2+
+
∂2Ψ
∂β2−
)
+
(
L
`p
)
eα
(e−8β+
3
− 4
3
e−2β+ cosh
(
2
√
3β−
)
+
2
3
e4β+
(
cosh
(
4
√
3β−
)
− 1
)
+
2e2αL2Λ
9pi
)
Ψ = 0,
Hˆ⊥Ψ = 0.
(11)
When we include our aligned primordial magnetic field
we will add on to the potential term of the above equation
2b2e2α−4β+ [3][37]
The above Wheeler DeWitt equation is the analogue
to the time dependent Schro¨dinger equation of quantum
mechanics for Bianchi IX quantum cosmology. Viewing
the Wheeler DeWitt equation as Hˆ⊥Ψ = 0, and trying to
relate it to the conventional Schro¨dinger equation results
in the problem of time manifesting as
ih¯
∂Ψ
∂t
= NHˆ⊥Ψ = 0 (12)
where ∂Ψ∂t = 0. Due to the absence of the time derivative
term of the Schro¨dinger equation in the Wheeler DeWitt
equation, the construction of a unitary time evolution op-
erator is not trivial, thus leading to the potential break-
down of a simple probabilistic interpretation of the wave
function of the universe because |ψ|2 is not conserved in
any of the Misner variables. A Klein-Gordon current
J = i
2
(ψ∗∇ψ − ψ∇ψ∗) (13)
can be defined [38] [39] which could be used to construct
a probability density. It however possesses the unattrac-
tive features that it vanishes when the wave function
used to construct the current is purely real or imagi-
nary, and that it doesn’t yield a positive definite quantity
like |ψ|2. With our closed form solutions which we will
present shortly, complex linear combinations can be con-
structed which yield non trivial Klein-Gordon currents
which can be used to extrapolate physics from these wave
functions. Besides the issue of constructing a probability
density function, it appears the quanitized Hamiltonian
constraint admits only zero’s as eigenvalues. This may
lead one to the conclusion that all of the states which
satisfy the Wheeler DeWitt equation possess vanishing
energy. This on the surface makes it impossible to dis-
tinguish between ground and excited states because all
states seemingly have the same energy. This apparent
obstacle to delineate ground and excited states can be
overcome by examining the nuanced nature of the ADM
formalism [40]. When cast in the ADM formalism general
relativity is a constrained theory with four Lagrange mul-
tipliers, the lapse and the three components of the shift.
The constraint associated with the lapse is due to gen-
eral relativity being invariant under reparameterization
of the evolution parameter, likewise the constraint asso-
ciated with the shift is due to diffeomorphism invariance
and is called the diffeomorphism constraint. The diffeo-
morphism constraint is due to the configuration space
hab being too large. To remedy this one can define a
superspace [41] [42] where an equivalence class for hab
is constructed such that two hab are in the same class
if they can be carried into one another by a diffeomor-
phism. This shrinks the configuration space, allowing the
diffeomorphism constraint to be satisfied. The same can-
not be done for the reparameterization constraint [43].
This explains why it wouldn’t even make sense for a
time derivative to be present because there is no unique
”time” to use and partially explains the origins of the
”problem of time”. To get a better feel for what is going
on one can examine the vanishing Hamiltonian of a fully
constrained system. One can formulate the Lagrangian
of a free particle moving in one dimension, and intro-
duce another configuration variable by defining function
t(T) where T is some arbitrary evolution parameter. If
one were to treat both X(t(T)) and t(T) as configuration
variables and formulate the system’s Hamiltonian, they
would notice that the Hamiltonian vanishes. Obviously
the energy of a free one dimensional particle moving at
a particular velocity cannot be zero. This is resolved by
realizing that the dynamics of the system is now encoded
in how X(t(T)) evolves with respect to t(T) where both
are configuration variables. For an explicit demonstra-
tion of the above vanishing Hamiltonian construction we
refer the reader to [44]. In other words, for these types
of constrained systems the Hamiltonian no longer corre-
sponds to the total energy. Thus the Hamiltonian con-
straint we quantized does not represent the total energy
of a space-time in general relativity, and its vanishing
eigenvalues do not mean that only states which possess
zero energy are physically allowed. This allows leeway in
defining ’ground’ and ’excited’ states in which features of
ordinary quantum mechanics manifest as will be demon-
strated in the next section. A more in depth discussion
in regards to how the Euclidean-signature semi classi-
cal method can be used to define ’ground’ and ’excited’
states despite them both being annihilated by the quan-
tized Hamiltonian constraint can be found in [4]. To deal
with the problem of time we will choose one of the Misner
variables to be our ”time” [34]. A good time parameter
increases monotonically, and out of the variables we can
choose from α is the best candidate for ”time”. There is
one catch. Classically a Bianchi IX universe starts out
expanding but reaches a maximum size and starts to rec-
ollapse [45] [46] [47] [48]. During the recollapsing epoch
α decreases monotonically and ”time” can be thought of
as going in reverse. If we were to add an extra degree of
freedom from a free scalar field, we can construct a truly
monotonically increasing ”clock” by denoting our ”time”
variable to be the scalar field.
5III. THE EUCLIDEAN-SIGNATURE SEMI
CLASSICAL METHOD
Our outline of this method will follow closely [4]. The
method outlined in this section and its resultant equa-
tions can in principle be used to construct solutions
(closed form and asymptotic) to a wide class of quantum
cosmological models such as all of the Bianchi A models
and their corresponding locally rotationally symmetric
(LRS) models expressed in Misner variables.
The first step we will take in solving the Wheeler De-
Witt equation is to introduce the ansatz
(0)
Ψ h¯= e
−Sh¯/h¯ (14)
where −Sh¯ is a function of (α, β+, β−) We will rescale
−Sh¯ in the following way
Sh¯ := G
c3L2
Sh¯ (15)
where Sh¯ is dimensionless and admits the following
power series in terms of this dimensionless parameter
X :=
L2Planck
L2
=
Gh¯
c3L2
. (16)
The series is given by
Sh¯ = S(0) +XS(1) + X
2
2!
S(2) + · · ·+ X
k
k!
S(k) + · · · (17)
,
and as a result our initial ansatz now takes the follow-
ing form
(0)
Ψ h¯= e
− 1X S(0)−S(1)−X2!S(2)−··· (18)
.
Substituting this ansatz into the Wheeler-DeWitt
equation and requiring satisfaction, order-by-order in
powers of X leads immediately to the sequence of equa-
tions
(
∂S(0)
∂α
)2
−
(
∂S(0)
∂β+
)2
−
(
∂S(0)
∂β−
)2
+ V = 0,
V = e4α
[e−8β+
3
− 4
3
e−2β+ cosh
(
2
√
3β−
)
+
2
3
e4β+
(
cosh
(
4
√
3β−
)
− 1
)
+
2e2αL2Λ
9pi
] (19)
2
[
∂S(0)
∂α
∂S(1)
∂α
− ∂S(0)
∂β+
∂S(1)
∂β+
− ∂S(0)
∂β−
∂S(1)
∂β−
]
+B
∂S(0)
∂α
− ∂
2S(0)
∂α2
+
∂2S(0)
∂β2+
+
∂2S(0)
∂β2−
= 0,
(20)
,
2
[
∂S(0)
∂α
∂S(k)
∂α
− ∂S(0)
∂β+
∂S(k)
∂β+
− ∂S(0)
∂β−
∂S(k)
∂β−
]
+k
[
B
∂S(k−1)
∂α
− ∂
2S(k−1)
∂α2
+
∂2S(k−1)
∂β2+
+
∂2S(k−1)
∂β2−
]
+
k−1∑
`=1
k!
`! (k − `)!
(
∂S(`)
∂α
∂S(k−`)
∂α
− ∂S(`)
∂β+
∂S(k−`)
∂β+
− ∂S(`)
∂β−
∂S(k−`)
∂β−
)
= 0
(21)
We will refer to S(0) in our Wheeler DeWitt wave func-
tions as the leading order term, which can be used to
construct a semi-classical approximate solution to the
Lorentzian signature Wheeler DeWitt equation, and call
S(1) the first order term. The S(1) term can also be
viewed as our first quantum correction, with the other
S(k) terms being additional higher order quantum cor-
rections. Our closed form wave functions will not require
terms beyond first order.
If one can find a solution to the S(1) equation which
allows the S(2) equation to be satisfied by zero, then
one can write down the following as a solution to the
Wheeler DeWitt equation for either a particular value of
the Hartle-Hawking ordering parameter, or for an arbi-
trary ordering parameter depending on the properties of
the S(1) which is found.
(0)
Ψ h¯= e
− 1X S(0)−S(1) (22)
.
This can be easily shown. Lets take S(0) and S(1) as
arbitrary known functions which allow the S(2) transport
equation to be satisfied by zero then the k = 3 transport
equation can be expressed as
2
[
∂S(0)
∂α
∂S(3)
∂α
− ∂S(0)
∂β+
∂S(3)
∂β+
− ∂S(0)
∂β−
∂S(3)
∂β−
]
= 0 (23)
which is clearly satisfied by S(3)=0. The S(4) equation
can be written in the same form and one of its solution
is 0 as well, thus resulting in the S(5) equation possessing
the same form as (23). One can easily convince them-
selves that this pattern continues for all of the k ≥ 3
S(k) transport equations as long as the solution of the
S(k−1) transport equation is chosen to be 0. Thus in
some situations a S(1) exists which allows one to set the
solutions to all of the higher order transport equations
to zero, which results in the infinite sequence of trans-
port equations generated by our ansatz to truncate to
a finite sequence of equations whose solutions allow us
to construct a closed form wave function satisfying the
Wheeler DeWitt equation. Not all solutions to the S(1)
transport equation will allow the S(2) transport equation
to be satisfied by zero; however in our case, we were able
6to find S(1)’s which cause the S(2) transport equation to
be satisfied by zero, thus allowing one to set all of the
solutions to the higher order transport equations to zero
as shown above. This will enable us to construct closed
form solutions to the Lorentzian signature Bianchi IX
Wheeler Dewitt equation for particular Hartle Hawking
ordering parameters.
To calculate ’excited’ states we introduce the following
ansatz.
Ψh¯ = φh¯e
−Sh¯/h¯ (24)
where
Sh¯ =
c3L2
G
Sh¯ = c
3L2
G
(
S(0) +XS(1) + X
2
2!
S(2) + · · ·
)
is the same series expansion as before and φh¯ can be
expressed as the following series
φh¯ = φ(0) +Xφ(1) +
X2
2!
φ(2) + · · ·+ X
k(∗)
k!
φ(k) + · · ·
(25)
with X being the same dimensionless quantity as before.
Inserting (24) with the expansions given by (17) and (25)
into the Wheeler DeWitt equation and by matching equa-
tions in powers of X leads to the following series of equa-
tions.
−∂φ(0)
∂α
∂S(0)
∂α
+
∂φ(0)
∂β+
∂S(0)
∂β+
+
∂φ(0)
∂β−
∂S(0)
∂β−
= 0, (26)
,
−∂φ(1)
∂α
∂S(0)
∂α
+
∂φ(1)
∂β+
∂S(0)
∂β+
+
∂φ(1)
∂β−
∂S(0)
∂β−
+
(
−∂φ(0)
∂α
∂S(1)
∂α
+
∂φ(0)
∂β+
∂S(1)
∂β+
+
∂φ(0)
∂β−
∂S(1)
∂β−
)
+
1
2
(
−B∂φ(0)
∂α
+
∂2φ(0)
∂α2
− ∂
2φ(0)
∂β2+
− ∂
2φ(0)
∂β2−
)
= 0,
(27)
− ∂φ(k)
∂α
∂S(0)
∂α
+
∂φ(k)
∂β+
∂S(0)
∂β+
+
∂φ(k)
∂β−
∂S(0)
∂β−
+ k
(
− ∂φ(k−1)
∂α
∂S(1)
∂α
+
∂S(1)
∂β+
∂S(1)
∂β+
+
∂φ
(∗)
(k−1)
∂β−
∂S(1)
∂β−
)
+
k
2
(
−B∂φ(k−1)
∂α
+
∂2φ
(∗)
(k−1)
∂α2
− ∂
2φ(k−1)
∂β2+
− ∂
2φ(k−1)
∂β2−
)
−
k∑
`=2
k!
`! (k − `)!
(
∂φ(k−`)
∂α
∂S(`)
∂α
− ∂φ(k−`)
∂β+
∂S(`)
∂β+
−
∂φ(k−`)
∂β−
∂S(`)
∂β−
)
= 0.
(28)
As can be seen from computing
dφ(0)(α,β+,β−)
dt =
α˙
∂φ(0)
∂α + β˙+
∂φ(0)
∂β+
+ ˙β−
∂φ(0)
∂β−
, and inserting
(4.9, 4.18− 4.20) from [4] that φ(0) is a conserved
quantity under the flow of S0. This means any function
F
(
φ(0)
)
is also a solution of equation (26). Wave
functions constructed from these functions of φ0 are
only physical if they are smooth and globally defined.
Beyond the semi-classical limit, if smooth globally
defined solutions can be proven to exist for the higher
order φ transport equations then one can construct a
family of ’excited’ states and take a superposition of
them like in ordinary quantum mechanics. A plot of
such a superposition for the ’ground’ and ’excited’ states
of the Bianchi IX models is displayed in figure(3) and
(4).
Our ’excited’ states Ψh¯ = φh¯e
−Sh¯/h¯ qualita-
tively possess the same form as excited states
for the quantum harmonic oscillator ψn(x) =
Hn
(√
mω
h¯ x
)
1√
2nn!
(
mω
pih¯
)1/4
e−
mωx2
2h¯ , where Hn are
the Hermite polynomials in which n is a positive integer
which specifies its form. Because the solutions of
the φ(0) equation are quantities conserved along the
flow generated by S(0), any multiple φn(0) also satisfies
equation (26). On purely physical grounds the amount
of numbers required to specify an ’excited’ state equals
the number of excitable degrees of freedom present. For
Bianchi A models with non dynamical matter sources
that amounts to two numbers corresponding to the two
anistropic degrees of freedoms. As a result our φ(0)
which distinguishes our ’excited’ states from ’ground’
states has the following form
∏n
i=1 f
mi (α, β+, β−)i;
where f (α, β+, β−)i are independent conserved quan-
tities satisfying equation (26) which are raised to the
power mi, and n is the number of excitable degrees of
freedom. If all of the f (α, β+, β−)i’s vanish at some
point or points in minisuperspace then to ensure that
our wave function is smooth and globally defined we
must restrict mi to be positive integers which results
in our ’excited’ states being ’bound’ states just like
the quantum harmonic oscillator. This discretization
of the quantities that are used to denote our ’excited’
states is the mathematical manifestation of quantization
one would expect excited states to possess. If none
of our conserved quantities f (α, β+, β−)i vanish in
minisuperspace than our ’excited’ states are ’scattering’
states akin to the quantum free particle and mi can be
any real or complex number. It is also possible that only
some f (α, β+, β−)i’s vanish while the other do not, in
this case our ’excited’ states are a hybrid of ’bound’ and
’scattering’ states which means some degrees of freedoms
are ’bound’ while other are ’scattering’. As the author
will go into great detail to explain in another work
these hybrid ’excited’ states within the context of the
Euclidean-signature semi classical method exist for the
diagnolized quantum Bianchi VIII models. Additional
information for why we can call the above ’excited’
states despite them being solutions to an equation which
does not have the same form as the Schro¨dinger equation
can be found in [4]. In what follows we will set L = 1,
7c = 1, G = 1 and h¯ = 1.
It should be mentioned that there is a relation be-
tween the sequence of ’ground’ state transport equations
(20− 21) and (26). If the source terms of equations
(20− 21) vanish, then those equations become identical
to (26), and possess identical solutions which are con-
served quantities along the flow generated by S(0). In
such a case one can proceed in four different ways. First
one can set φ0 to unity and S(k≥1) to zero and construct
a closed form solution to the Wheeler DeWitt equation.
Second, one can choose either φ0 or S(k≥1) to be triv-
ial and the other a non trivial conserved quantity. From
here one can solve the higher order transport equations
associated with the term they chose to be their non triv-
ial conserved quantity. Third, one can choose both φ0
and S(k≥1) to be the same non trivial conserved quantity.
From here one can continue to solve both sets of trans-
port equations. Fourth, one can proceed similarly to our
third choice but have φ0 and S(k≥1) not equal each other.
In these cases the distinction between terms which con-
tribute to the ’ground’ state and terms which contribute
to the ’excited’ states becomes blurred. Using a natural
looking ansatz which will be introduce explicitly later, we
can ad-hoc restrain the form of the non-trivial conserved
quantities we obtain from solving the homogeneous form
of the transport equations (20− 21) and (26).
Furthermore even if the source terms do not vanish
one is free to add to the inhomogeneous solutions of
equation (20− 21) their homogeneous solutions to form
other solutions to the S(k) equations. This means one
can in principle begin constructing ’excited’ states di-
rectly from ’ground’ state transport equations (20− 21).
This goes to show that we have to be careful how we
’denote’ ground and ’excited’ states within the context
of this method. From our transport equations, ’excited’
states could be seen as first order quantum corrections
to ’ground’ states. To differentiate between ’ground’ and
’excited’ states we will ultimately appeal to their qual-
itative features such as having multiple local max/mins
or peaks, and their mathematical manifestation of quan-
tization or discreteness. As will be elaborated on in the
next section, when the potential of the quantum cosmo-
logical model we are considering has a certain property,
one can use a natural looking ansatz to solve the required
’ground’ and ’excited’ state transport equations.
IV. CLOSED FORM WORMHOLE SOLUTIONS
FOR THE WHEELER DEWITT EQUATION
The known solutions to the Euclidean-signature vac-
uum Hamilton Jacobi equation with Λ=0 are the
Moncrief-Ryan ’wormhole’ solution [49] [13], the Har-
tle Hawking no ’boundary solution’ [15] [16], and three
”arm” solutions [2] which are related to each other via
2pi
3 rotations in the β plane and the aforementioned solu-
tions multiplied by (−1). These solutions to the Hamil-
ton Jacobi equation get their names from the geome-
try that they induce on the Euclidean signature Bianchi
IX ’spacetimes’ due to the flows in minisuperspace that
they generate. For the equations below the + sign in-
dicates, respectively the Moncrief-Ryan wormhole, the
Hartle Hawking no boundary and the arm solutions.
S(0 wh) := ±1
6
e2α
(
e−4β+ + 2e2β+ cosh
(
2
√
3β−
))
(29)
S(0 nb) :=± 1
6
e2α
[(
e−4β+ + 2e2β+ cosh
(
2
√
3β−
))
− 2
(
e2β+ + 2e−β+ cosh
(√
3β−
))]
(30)
S(0 arm1) :=±
[(1
6
e2α+2β+
(
e−6β+ + 2 cosh
(
2
√
3β−
))
+
1
3
e2α−β+
(
e3β+ − 2 sinh
(√
3β−
))]
(31)
S(0 arm2) :=±
[(1
6
e2α+2β+
(
e−6β+ + 2 cosh
(
2
√
3β−
))
+
1
3
e2α−β+
(
e3β+ + 2 sinh
(√
3β−
))]
(32)
S(0 arm3) :=±
[(1
6
e2α+2β+
(
e−6β+ + 2 cosh
(
2
√
3β−
))
+
1
3
e2α−β+
(
−e3β+ + 2 cosh
(√
3β−
))]
(33)
Wave functions of the form e−
1
X S(0)−S(1)−X2!S(2)−···
which contain the minus signed S(0) terms are pathologi-
cal because they grow without bound as functions of the
β variables. This results in wave functions which are not
normalizable at a fixed α. This mystifies their physical
interpretation and introduces doubt whether they repre-
sent physical universes at all. Perhaps if they only ap-
peared in the Bianchi IX case we could just sweep them
under the rug. However Wheeler DeWitt wave functions
which have this pathological behavior are present in all
Bianchi A models. For example in the Bianchi VIII
model the known solutions[50] corresponding to Hartle
Hawking ordering parameter B = ±6 suffer from this
pathology no matter what sign their leading order term
takes. As a result the author was compelled to include
these terms for the sake of completeness, and encourages
others or himself in the future to further look into the
physicality of these wave functions constructed from the
minus sign S(0) terms. For the remainder of this section
we shall exclusively only work with S(0 wh). In a pre-
vious investigation of the Bianchi IX models using the
Euclidean-signature semi classical method [29] [4] only
globally defined solutions of the transport equations were
used to construct solutions for the Wheeler DeWitt equa-
tion. For example the following solution
S(1) = −1
2
(B + 6)α (34)
8to the S(1) transport equation which Joseph Bae found
makes the source terms of the S(2) transport equation
vanish for ordering parameters B = ±6, thus resulting in
the subsequent transport equations being able to take the
form of (23). However, if we relax the condition that the
solutions S(k) to the transport equations must be globally
defined we can compute new globally defined solutions to
the Wheeler DeWitt equation. We are allowed to do this
because ultimately all we seek are globally defined wave
functions and the exponential of certain non globally de-
fined functions, such as log(sinh(β−)), are globally de-
fined. The form of the wave function we choose, namely
(0)
Ψ h¯= e
− 1X S(0)−S(1)−X2!S(2)−···,
allows us to take advantage of the above fact. The S(1)
equation we wish to solve is the following.
(
2e6β+ cosh
(
2
√
3β−
)(
2
∂S(1)
∂α
− 2∂S(1)
∂β+
+ B + 6
)
+ 2
∂S(1)
∂α
− 4
√
3e6β+
∂S(1)
∂β−
sinh
(
2
√
3β−
)
+ 4
∂S(1)
∂β+
+ B + 6
)
= 0
(35)
To facilitate finding all possible S(1)s which allow the
S(2) equation to be satisfied by zero, we will try to con-
struct an ansatz which includes as many non trivial free
parameters as possible. The hope is that these parame-
ters can be adjusted so that the source term of the S(2)
equation vanishes. The author advocates this approach
for finding solutions to the S(1) equation for any cosmo-
logical model.
Because the α dependence factors out we are free seek
solutions of the following form
S(1) = x1α+ f (β+, β−) (36)
where x1 is a arbitrary number. Plugging this into the
S(1) transport equation yields.
2e6β+ cosh
(
2
√
3β−
)(
−2 ∂f
∂β+
+ B + 2x1 + 6
)
− 4
√
3e6β+
∂f
∂β−
sinh
(
2
√
3β−
)
+ 4
∂f
∂β+
+ B + 2x1 + 6 = 0
(37)
This is a non homogeneous transport equation with
variable coefficients which can be solved using a com-
puter algebraic system such as Mathematica or by ap-
plying a change of variables to turn this equation into a
homogeneous transport equation and applying standard
textbook techniques. A solution to this equation is
f (β+, β−) =
1
8
(B + 2x1 + 6)
(
log
(
1
2
sinh
(
2
√
3β−
))
− 2β+
)
(38)
where x1 is an arbitrary number, and B is an arbitrary
real number. We will rewrite this solution by making the
following substitution X1 = − 18 (B + 2x1 + 6) resulting
in the following for our S(1)
S(1) := 1
2
α(−B−8X1−6)+X1
(
2β+ − log
(
sinh
(
2
√
3β−
)))
(39)
A key feature of this S(1) quantum correction is that it
has two free parameters x1 and B. This will allow us to
fix them to particular values which will cause the source
term in the S(2) equation to vanish and subsequently al-
low all of the higher order transport equations to be sat-
isfied by zero, thus leaving us with a closed form solution
of the Wheeler DeWitt equation.
The values of X1 and B where the source
term for the S(2) transport equation vanishes are
the following (X1 = 0, B = −6), (X1 = 0, B = 6),(
X1 = 1, B = −2√33), and (X1 = 1, B = 2√33). The
pair (X1 = 0, B = −6) and (X1 = 0, B = 6) correspond
to solutions which have been known since the 90s [49] and
were re-derived using the Euclidean-signature semi clas-
sical method [29] [4]; the new solutions correspond to the
pair
(
X1 = 1, B = −2√33), and (X1 = 1, B = 2√33).
For the remainder of this section we will focus on
solutions corresponding to
(
X1 = 1, B = 2
√
33
)
. The
analysis which we will perform can be duplicated exactly
for solutions corresponding to
(
X1 = 1, B = −2√33).
Our base solutions which we will use to derive other
solutions are the following.
ψ∓1 = sinh
(
2
√
3β−
)
e(7+
√
33)α−2β+∓S(0 wh) (40)
Note that if X1 is not a positive integer a
sinh−X1
(
2
√
3b
)
term would be present in the wave func-
tion, which would cause it to be not smooth nor neces-
sarily globally defined. Four additional solutions can be
derived by rotating ψ∓1(α, β+, β−) in the (β+, β−) plane
by 2pi3 and
4pi
3 .
ψ∓2 = ψ∓1
(
α,−
√
3β−
2
− β+
2
,−β−
2
+
√
3β+
2
)
(41)
ψ∓3 = ψ∓1
(
α,
√
3β−
2
− β+
2
,−β−
2
−
√
3β+
2
)
(42)
It should be noted that ψ∓1,ψ∓2, and ψ∓3 are not inde-
pendent of each other because ψ∓2+ψ∓3 = −ψ∓1. Ad-
ditional solutions can be constructed by taking arbitrary
9linear combinations of the above four independent solu-
tions
ψ = a1ψ−1 + a2ψ−2 + a3ψ+1 + a4ψ+2 (43)
where ai can be any number, real, imaginary or complex.
Two plots of our closed form solutions are shown below.
FIG. 1. α = −1 |ψ−1 −
2ψ−2|
FIG. 2. α = 1 |ψ−1 −
2ψ−2|
As one can see our wave functions which were found
by exclusively using the ’ground’ state transport equa-
tions posses the same form as an ’excited’ state Ψh¯ =
φh¯e
−Sh¯/h¯. This is because when introducing our ansatz
(x1α+ f (β+, β−)) to solve the S(1) equation we inad-
vertently incorporated a portion of the homogeneous so-
lution corresponding to one of the anistropic degrees of
freedom into our solution (39). As a matter of fact the
closed form solution (40) we obtained can also be found
by using Bae’s globally defined S(1) (34), one of the con-
served quantities that he computed
φ(0) :=
1
2
√
3
e4α−2β+ sinh
(
2
√
3β−
)
, (44)
and setting the ordering parameter in (34) to 2
√
33. The
reader can easily verify the above using the semi-classical
method previously described. Finding our closed form
solution through only the ’ground’ state transport equa-
tions as opposed to the φ equations allows us to easily
verify whether the infinite sequence of transport equa-
tions terminates by checking to see if our S(1) causes the
source term of the S(2) equation to vanish without having
to switch to a different set of transport equations.
If the potential to our Bianchi A model can be written
as e4αU (β+, β−), than the following ansatz proposed by
Moncrief[4] can be used in principle to solve the k ≥ 2
’ground’ and ’excited’ state transport equations
Swh(k) = 6e−2(k−1)αΣwh(k) (β+, β−) . (45)
Because of the form of our ’ground’ state solutions
(18), using the above ansatz results in a wave function of
the following form
(0)
ψ h¯= e
− 1X S(0)−S(1)−
(∑∞
k=2
Xk−1
k! 6e
−2(k−1)αΣwh(k)(β+,β−)
)
(46)
where it is assumed Σwh(k) (β+, β−) can always be found
through the ’ground’ state transport equations and that
the resultant wave function is always smooth and glob-
ally defined. It makes sense physically that the higher or-
der quantum corrections decay exponentially as the size
of the universe increases, in essence they get washed out.
However as we will elaborate on later, some quantum cor-
rections don’t ever completely wash out no matter how
large the universe becomes, they always exert a notice-
able affect on its evolution. Furthermore one does not
have to restrict themselves to (45); but rather seek more
exotic solutions to the ’ground’ state transport equations
which yield smooth and globally defined wave functions.
To compute solutions to the higher order ’excited’
state transport equations we first have to establish
what our φ0 shall be. For Bianchi A models with
two anistropic degrees of freedom their φ0 homoge-
neous transport equations have the following solutions
C (f (α, β+, β−) , g (α, β+, β−)) where C is any arbitrary
function of f (α, β+, β−) and g (α, β+, β−). This set of
solutions composed of f (α, β+, β−) and g (α, β+, β−) fol-
lows from the standard form that solutions to the ho-
mogeneous transport equation of three variables have.
Both f (α, β+, β−) and g (α, β+, β−) are solutions to the
φ0 transport equation in their own right, and are inde-
pendent conserved quantities along the S0 flow. Taking
advantage of the fact that any function of a conserved
quantity is a another conserved quantity this solution
can be manipulated into the following form
φ0 = S
m1Cm2, (47)
where the functions Sm1 and Cm2 are some functions
of f (α, β+, β−) and g (α, β+, β−), depend on the quan-
tum Bianchi A models which are being studied, and are
themselves conserved quantities. A requirement of φ0 is
that it must be a smooth and globally defined function.
Beyond that requirement one can use aesthetics of the re-
sultant wave function as a guide to choose an appropriate
φ0, and in addition use as a guide the ease of solving the
higher order ’excited’ state equations after choosing an
initial φ0. The lack of more rigorous requirements indi-
cates that we do not yet possess a precise mathematical
definition of ’excited’ states in Wheeler DeWitt quan-
tum cosmology. The parameters (m1,m2) can plausibly
be interpreted as graviton excitation numbers for the ul-
tra long wavelength gravitational wave modes embodied
in the (β+, β−) anisotropic degrees of freedom [51]. To
illustrate quantization, in the case when both S and C
vanish at certain points in minisuperspace, if (m1,m2)
are negative, then φ0 possesses a singularity and results
in a wave function which is no longer globally defined
and smooth. If (m1,m2) are positive non integers then
the derivatives of φ0 won’t be smooth and globally de-
fined. Thus to keep our ’excited’ states globally defined
we have to restrict the values of (m1,m2) to positive in-
tegers for the case when S and C vanish at certain points
in minisuperspace, thus making our ’excited’ states dis-
cretized in the same manner as the bound excited states
of the quantum harmonic oscillator which are labeled by
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a positive integer n.
If the φ0 which was picked has the form
e(m1+m2)αZ (β+, β−) where Z is some function of
the betas, then to solve the higher order φk equations
we can use the following ansatz
φ(k) = e(4|m|−2k)αχ(k) (β+, β−) (48)
where |m|:= m1 +m2.
This induces the following form for our ’excited’ state
wave function.
ψh¯ =
(
φ0 +
∞∑
k=1
Xk
k!
e(4|m|−2k)αχ(k) (β+, β−)
)
e−Sh¯/h¯,
(49)
In addition it simplifies the higher order ’exicted’ state
transport equations. If one is only interested in the semi-
classical limit, and not in explicit higher order quantum
corrections they can choose a more exotic φ0.
A method for proving the existence of smooth globally
defined solutions to both the ’ground’ and ’excited’ state
transport equations for the vacuum Bianchi IX model
can be found in [4] section 4 and 5 respectively.
Before we move on to the Bianchi IX wave functions
which are restricted to the β+ axis we will form a super-
position of wave functions using the leading order ’ex-
cited’ states that Bae and Moncrief [29] found and plot
them. Joseph Bae found the following two independent
solutions to φ0
C(0) :=
1
6
e4α−2β+
(
e6β+ − cosh
(
2
√
3β−
))
(50)
and as previously mentioned (44).
Using Bae’s two conserved quantities we can form the
following family of leading order ’excited’ states
Ψm1,m2 (α, β+, β−) = e
1
2α(B+6)−S(0)Sm10 C
m2
0 . (51)
Before we construct our superposition of states we will
perform the following averaging over the group associated
with the rotational symmetry in the (β+, β−) plane
Ψ1m1,m2 = Ψm1,m2 (α, β+, β−) (52)
Ψ2m1,m2 = Ψm1,m2
(
α,−
√
3β−
2
− β+
2
,−β−
2
+
√
3β+
2
)
(53)
Ψ3m1,m2 = Ψm1,m2
(
α,
√
3β−
2
− β+
2
,−β−
2
−
√
3β+
2
)
(54)
which leads to our ’excited’ states possessing the 2pi3
rotational symmetry of the Bianch IX potential.
Ψm1,m2,avg =
1
3
(Ψ1m1,m2 + Ψ2m1,m2 + Ψ3m1,m2) .
(55)
A superposition of states can take the form presented
below.
Ψsuperposition =
∞∑
m1=0
∞∑
m2=0
e−m1
2
e−m2
2
Ψm1,m2,avg
(56)
Two plots of a superposition of states with m1 and m2
ranging from 0 to 10 are shown in figure 3 and 4.
FIG. 3. α = 0
FIG. 4. α = 1
It should be noted that instead of generating a real val-
ued wave function we could have constructed a complex
wave function which would have facilitated the construc-
tion of a non trivial Klein-Gordon current.
Unlike our closed form solutions we are able to use
group averaging to produce a non trivial leading order
superpositon of states. Despite our closed form solu-
tions failing to satisfy the symmetry of the Bianchi IX
potential the author is of the belief as of the writing
of this manuscript that they should not be considered
any less valuable despite this potential shortcoming. If
we examine the solutions to the Bianchi IX Euclidean-
signature Hamilton Jacobi equation we already see sym-
metry breaking in the ”arm” solutions which are not
invariant under a 2pi3 rotation in the β plane. Wave
functions which are not group averaged which are con-
structed from these ”arm” solutions violate the sym-
metry of the Bianchi IX potential. Additionally one
can forgo the group averaging procedure we applied to
the leading order ’wormhole excited’ Bianchi IX states,
and construct[4] smooth globally defined solutions to the
higher order ’excited’ state transport equations, which
would result in a symmetry breaking asymptotic solution
to the Bianchi IX Wheeler Dewitt equation. Furthermore
if we were to accept the view that solutions which do not
respect the rotational symmetry of the Bianchi IX poten-
tial are not physical, we would have to conclude that the
sum of three non-physical solutions admits a physical one
under group averaging. This is a potentially troublesome
view to have.
Precedence for symmetry breaking in Wheeler DeWitt
quantum cosmology can potentially be present in quan-
tum field theory and classical mechanics. Within quan-
tum field theory there exists certain circumstances where
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the symmetry of the Hamiltonian is not respected by its
ground state. When this occurs it is called spontaneous
symmetry breaking[52], and it is even present in classi-
cal physics[53]. Though in ordinary finite dimensional
quantum mechanics spontaneous symmetry breaking is
forbidden, a more in depth discussion of this can be
found in [54]; however this does not necessarily apply
to finite dimensional Wheeler DeWitt quantum cosmol-
ogy because as we explained earlier it possesses funda-
mental mathematical differences from ordinary quantum
mechanics. Thus we cannot throw out the possibility
that spontaneous symmetry breaking occurs in Wheeler
DeWitt quantum cosmology. Though it should be noted
that the author does not claim that our closed form so-
lutions to the Wheeler DeWitt equation which violate its
discrete rotational symmetry in the β plane is an example
of spontaneous symmetry breaking, nor are the asymp-
totic solutions that one can construct for the ’excited’
states. Nonetheless because of the known precedents in
quantum field theory and classical mechanics for the sym-
metries of the equations of motion to be violated, and
our current incomplete understanding of quantum grav-
ity/cosmology, despite our solutions not respecting the
symmetry of the classical Bianchi IX potential, in this
paper we will hold them in the same regards as we do
the B = ±6 solutions which do respect the symmetry
of the potential. The author hopes that the above short
discussion spurs further discussion in the physics commu-
nity about the nature of symmetry breaking in Wheeler
DeWitt quantum cosmology.
V. BIANCHI IX WAVE FUNCTIONS
RESTRICTED TO THE β+ AXIS
Before we can construct wave functions which are re-
stricted to the β+ axis we must show that classically the
’no boundary’ solution (30) and the ”arm3” solution (33)
admit non trivial flows in minisuperspace along the β+
axis. In addition it should be stressed that what we are
doing is not equivalent to finding Wheeler DeWitt wave
functions for the quantum Bianchi IX LRS models. Even
though we will be setting β− = 0 for some parts of our
calculation, as will be seen shortly the sheer existence
of a β− axis will affect how we proceed. The author
has already compiled a large number of preliminary re-
sults for the quantum Bianchi IX LRS model using this
Eucldiean-signature semi classical method and plans to
publish them in a future work. For the remainder of this
section we will only consider the + sign form of these solu-
tions to the Euclidean-signature Hamiliton-Jacobi equa-
tion. Furthermore we will work under the assumption
that smooth globally defined solutions do exist for the
higher order transport equations for both the ’no bound-
ary’ and ”arm3” case. Using the following equations
pα =
∂S(0)
∂α
p+ =
∂S(0)
∂β+
p− =
∂S(0)
∂β−
(57)
α˙ =
(6pi)1/2
2e3α
N
∣∣∣∣
Eucl
pα
β˙+ =
−(6pi)1/2
2e3α
N
∣∣∣∣
Eucl
p+
β˙− =
−(6pi)1/2
2e3α
N
∣∣∣∣
Eucl
p−
(58)
where N |Eucl is the lapse, we can construct the flow
equations and easily show that classically flows from the
two aforementioned solutions to the Hamilton Jacobi
equation that start on the β+ axis remain on the β+
axis. It should be mentioned that the Eucl part means
that these are the flow equations for the minisuperspace
variables of the Euclidean as opposed to Lorentzian sig-
nature Bianchi IX models, though this won’t affect our
conclusion. The lapse N |Eucl can be any function of the
Misner variables as long as it never vanishes or changes
sign within the range −∞ to∞ of all three variables. To
keep things simple though we will set N |Eucl = 2ea(6pi)1/2
and first write out the flow equations (58) for the ’no
boundary’ case
dα
dt
=
1
3
e−4β+
(
4e6β+ sinh2
(√
3β−
)
−4e3β+ cosh
(√
3β−
)
+ 1
) (59)
dβ+
dt
= −2
3
e−4β+
(
2e6β+ sinh2
(√
3β−
)
+e3β+ cosh
(√
3β−
)
− 1
) (60)
dβ−
dt
= −2e
−β+ sinh
(√
3β−
) (
2e3β+ cosh
(√
3β−
)− 1)√
3
.
(61)
Because dβ−dt vanishes when β− = 0 if the flow dictated
by the ’no boundary’ Hamiliton Jacobi solution in min-
isuperspae were to start on the β+ axis it would remain
on that axis for all ”time”. Therefore it makes sense to
discuss the quantum analogue of this which would be a
Wheeler Dewitt wave function which vanishes β− axis,
and is peaked on the β+ axis. For the ”arm3” solution
we obtain the following flow equations
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dα
dt
=
1
3
e−4β+
(
4e6β+ sinh2
(√
3β−
)
+4e3β+ cosh
(√
3β−
)
+ 1
) (62)
dβ+
dt
= −2
3
e−4β+
(
e6β+ sinh2
(√
3β−
)
−e3B cosh
(√
3β−
)
− 1
) (63)
dβ−
dt
= −2e
−β+ (e3β+ sinh (2√3β−)+ sinh (√3β−))√
3
.
(64)
Just like the ’no boundary’ case, dβ−dt vanishes when
β− = 0, thus a flow in minisuperspace caused by this
”arm” solution which starts on the β+ axis will stay
on the β+ axis. The ”arm3” solution that we choose
is the only ”arm” solution which exhibits this property,
as a result the classical cosmology of the ”arm3” solu-
tion restricted to the β+ axis has a quantum counterpart.
We will first compute an approximate wave function re-
stricted to the β+ axis for the ’no boundary’ proposal. To
begin we will substitute (30) into our S(1) transport equa-
tion, and only after taking all of the required derivatives
of (30) set β− = 0. This step separates what we are do-
ing from just finding the wave function for the quantum
’no boundary’ quantum Bianchi IX LRS model. Because
the full Bianchi IX wave function is a function of both
of the betas, its derivatives with respect to β− may not
vanish at β− = 0. As a result of inserting (30) into our
S(1) equation, and then setting β− = 0 we obtain the
following transport equation.
−4e3β+(2∂S(1)
∂α
+
∂S(1)
∂β+
+ B) + 2
∂S(1)
∂α
+ 4
∂S(1)
∂β+
+12e6β+ + BB + 6 = 0
(65)
which has this as the following solution
S(1) := α
(
3− B
2
)
− 3β+ + e3β+ . (66)
Using the S(1) that we calculated we can construct a
first order solution to the Bianchi IX Wheeler DeWitt
equation which is valid when β− = 0. Unfortunately
though we cannot go beyond first order with this method.
If we wanted to go beyond the first order quantum cor-
rection we would need to know what the first and second
derivatives of the smooth and globally defined function
which satisfies the full S(1) transport equation is with
respect to β−. Because of how formidable the full ’no
boundary’ S(1) transport equation is, obtaining a closed
form solution to it is not trivial and as a result that is
why in this work we are only considering a solution for
a restricted case. Even though we cannot go beyond the
first order transport equation, under the assumptions we
outlined at the beginning of this section, and assuming
our wave function takes the form of the aforementioned
ansa¨tze these approximate solutions become increasingly
accurate as α grows larger because solutions to the higher
order transport equations decays exponentially as α in-
creases. Thus our wave functions within the context of
our assumptions are useful for obtaining a qualitative
picture of how the ’no boundary’ wave function and the
wave function associated with the ”arm3” solution (33))
behave when α >> 0, when first order quantum affects
are considered. They can also be used to explore purely
the semi-classical limit.
In the same way we solved the S(1) transport equa-
tion for the ’no boundary’ solution by restricting our-
selves to the β+ axis we can solve the φ0 equation and
construct leading order ’no boundary’ ’excited’ states.
Doing the same calculation as above except substituting
the ’no boundary’ solution into the φ0 equation results in
this conserved quantity which can be used to construct
a leading order ’excited’ state
φ0 nb :=
((
1− e3β+) eβ+−2α)m1 (67)
where m1 is a positive integer. Using our results we
can construct the following approximate wave function
restricted to the β+ axis for the ’no boundary’ case, which
becomes increasingly accurate as α grows
ψnb = φ0 nbe
1
2a(B−6)+3β+−e3β+∓S
β−=0
(0 nb) (68)
two different plots of its superposition of ’ground and
’excited’ states are displayed below.
FIG. 5. α = −1
|∑10m1=0 e−m12ψnb| FIG. 6. α = 2|∑10m1=0 e−m12ψnb|
We included a graph for α = −1 which depicts some
interesting semi-classical behavior.
Before applying the same techniques that we brought
to bare on the ’no boundary’ case we should mention
that our ”arm3” solution when β− = 0 possesses some
pathologies. As the reader can verify the wave function
e∓S(0arm3) when β− = 0 does not behave as a traveling
Gaussian like wave for any value of α. In addition as will
be shown below our S(1) has a pathological term in it as
well. To somewhat remedy this and obtain a traveling
wave which is amenable to a straight forward interpreta-
tion, we will choose a particular φ0 which has the effect
13
of offsetting the behavior caused by the aforementioned
pathological terms.
As it can be seen below our S(1) contains the term
−e3β+ which on its own is pathological because when it is
inserted into the form of our wave function (18), it results
in a wave function which looks nothing like a Gaussian
and increases without bound as β+ grows larger.
S(1) := −1
4
β+(B + 6)− 1
4
(B− 6) log (e3β+ + 1)− e3β+
(69)
To remedy this we will take advantage of the fact that
any function of a conserved quantity is itself a conserved
quantity. In doing so we will choose the following to be
our φ0
φ0 arm3 := e
(e3β++1)(−eβ+−2α) ((e3β+ + 1) eβ+−2α)m1
(70)
where m1 can be any real or complex number. This
φ0 remedies the pathological behavior which results from
(69) by including in the exponent of our wave function
a term which contains a e4β+ that has the opposite sign
of the one in (69). Combining what we computed above
results in the following ”arm3” β+ axis wave function:
ψarm3 = φ0 arm3e
1
2α(B−6)+3β++e3β+∓S
β−=0
(0 arm3) . (71)
Even though our β+ axis ”arm3” wave functions have
the form of ’excited’ states, qualitatively, as the plot be-
low shows, and as the reader can further verify they aes-
thetically behave like ’ground’ states. This is perhaps
because we chose an unusual form for our φ0 which in
principle complicates the solving of the higher order φk
transport equations. Another possibility is that ’excited’
states do not exist for the ”arm3” solution restricted to
the β+ axis. Because we don’t possess in Wheeler DeWitt
quantum cosmology yet a rigorous understanding of what
constitutes a ’ground’ vs ’excited’ state like we do in ordi-
nary quantum mechanics, and as this exercise has shown
we have to be cautious in how we denote states. Just
because we use solutions to the aforementioned ’ground’
or ’excited’ state transport equations doesn’t necessarily
mean that wave functions constructed from those solu-
tions are ground or excited states, and hence as men-
tioned before at this point it is best to appeal to their
qualitative features to make that determination.
FIG. 7. For α = 1 ψarm3
Returning to wave function in the full β plane, if
we assume globally defined solutions for arbitrary Har-
tle Hawking ordering parameters exist for the transport
equations associated with the ’no boundary’, and arm
solutions as was proven for the ’wormhole’ case then it
is instructive to take superpositions of our leading order
states constructed from (29− 33). Because the ”arm”
solutions are related to each other by 2pi3 rotations in the
β plane in principal one only needs to show that globally
defined solutions to the higher order transport equations
exist for one of them to prove that they exist for the other
two. Below we will show six different plots. The first two
are group averaged ”arm” solutions for two different val-
ues of α. As it is clear from observing the first two plots
the wave functions corresponding to the ”arm” solutions
possess very different characteristics than the wave func-
tions of the ’wormhole’ solutions. The next two plots are
a superposition of both the ”arm” wave function and our
’excited’ state and ’ground’ state ’wormhole’ wave func-
tions. The last two are a superposition constructed from
the ”arm” solutions, the ’no boundary’ solution and the
’wormhole’ solutions. We will discuss what these amaz-
ing looking graphs mean towards the end of this work.
FIG. 8. α = 0
FIG. 9. α = 1
FIG. 10. α = 0
FIG. 11. α = 1
FIG. 12. α = 0 FIG. 13. α = 1
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VI. LEADING ORDER SOLUTIONS FOR THE
BIANCHI IX SYMMETRY REDUCED WHEELER
DEWITT EQUATION WITH COSMOLOGICAL
CONSTANT AND PRIMORDIAL MAGNETIC
FIELD
To obtain a leading order solution for Λ 6= 0 we
seek S(0) solutions to the following Euclidean-signature
Hamilton Jacobi equation
(
∂S(0)
∂α
)2
−
(
∂S(0)
∂β+
)2
−
(
∂S(0)
∂β−
)2
+ V = 0
V = e4α
[
e−8β+
3
− 4
3
e−2β+ cosh
(
2
√
3β−
)
+
2
3
e4β+
(
cosh
(
4
√
3β−
)
− 1
)
+
2e2αΛ
9pi
] (72)
The author has found six solutions to this equation
which are the following
S1(±0) :=±
(
1
6
e2α
(
2e2β+ cosh
(
2
√
3β−
)
+ e−4β+
)
−
Λe4α+4β+
36pi
)
(73)
S2±(0) := ±
(
1
6
e2α
(
2e2β+ cosh
(
2
√
3β−
)
+ e−4β+
)
−
Λe4α−2
√
3β−−2β+
36pi
)
(74)
S3±(0) := ±
(
1
6
e2α
(
2e2β+ cosh
(
2
√
3β−
)
+ e−4β+
)
−
Λe4α+2
√
3β−−2β+
36pi
)
(75)
S1(±0) is related to S2(±0) and S3(±0) by a 2pi3 and a 4pi3
rotation in the β plane respectively. This allows one to
construct leading order non vanishing solutions to the
Wheeler DeWitt equation which respect the symmetry
of the Bianchi IX potential by group averaging.
ψ′′ =
1
3
(
e−S
1
(+0) + e−S
2
(+0) + e−S
3
(+0)
)
(76)
Like our previous S(0) solutions, the minus sign solu-
tions are pathological in the sense that as either β+ or β−
approaches infinity so does the value of the wave func-
tions. However, in addition to the minus sign solutions
being pathological so are the solutions for Λ > 0. This
does not necessarily mean that the minus sign or Λ > 0
solutions are nonphysical, but rather their physical mean-
ing is obscured. We will not focus on wave functions with
those leading order terms in this paper despite including
them as solutions to the Euclidean-signature Hamilton
Jacobi equation. The plus signed solutions with negative
Λ < 0 are well behaved, and thus those are the ones we
will consider in this section.
The author has found the following S(1) for S1(±0)
S(1) =1
2
(
−(B + 2)α+ log
(
sinh
(
2
√
3β−
))
− 2β+
)
(77)
Unfortunately when this solution is exponentiated in
the way required by our ansatz it does not yield a globally
defined wave function. It is important that our solutions
be globally defined so they manifest genuine quantum ef-
fects. One can find solutions to the Schro¨dinger equation
for a harmonic oscillator which are not globally defined
and do not admit a discrete spectrum. Such states de-
spite satisfying the Schro¨dinger equation for a harmonic
oscillator do not encapsulate its genuine physics. Perhaps
in Wheeler Dewitt quantum cosmology genuine quantum
effects can be captured in non globally defined solutions,
however the author does not have an argument in support
of that assertion, and he strongly suspects otherwise. If
we work under the assumption that globally defined so-
lutions to the transport equations associated with (73)
exist to all orders then we can construct a leading order
solution which we display graphically in figure 14 and 15.
FIG. 14. α = 0 FIG. 15. α = 2
For the case with a cosmological constant in conjunc-
tion with a magnetic field the equation we want to solve
is the following, and below it are the solutions the author
found
(
∂S(0)
∂α
)2
−
(
∂S(0)
∂β+
)2
−
(
∂S(0)
∂β−
)2
+ V = 0
V = e4α
[
e−8β+
3
− 4
3
e−2β+ cosh
(
2
√
3β−
)
+
2
3
e4β+
(
cosh
(
4
√
3β−
)
− 1
)
+ 2b2e−2α−4β+ +
2e2αΛ
9pi
]
(78)
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S4(±0) :=±
(
1
6
(
2e2(α+β+) cosh
(
2
√
3β−
)
− 6b2(α+ β+)
+ e2α−4β+
)
− V e
4α+4β+
36pi
)
.
(79)
The primordial nature of our magnetic field manifests
in our solutions by the fact that for α << 0 the field por-
tion dominates because it is a linear term and doesn’t
decay exponentially, while for α >> 0 it is negligible.
The same quantum correction (77)) that was computed
earlier in this section also satisfies the S(1) equation that
follows from S4(±0). If we assume that other solutions
which are globally defined exist for all of the higher or-
der transport equations for S4(±0) then we can construct
leading order solutions which become increasingly more
accurate as α grows, due to the expected decay of the
quantum corrections. Two plots of these leading order
solutions are shown below.
FIG. 16. α = 0 Λ = −1
b=5
FIG. 17. α = 2 Λ = −1
b=5
We can make more progress if we restrict our afore-
mentioned solutions to the β+ axis. The flow equations
associated with (79) with the same lapse that we chose
before are
dα
dt
=
1
9
(
−Λe
2α+4β+
pi
− 9e−2αb2
+6e2β+ cosh
(
2
√
3β−
)
+ 3e−4β+
) (80)
dβ+
dt
=
1
9
(
Λe2α+4β+
pi
+ 9e−2αb2
−6e2β+ cosh
(
2
√
3β−
)
+ 6e−4β+
) (81)
dβ−
dt
= −2e
2β+ sinh
(
2
√
3β−
)
√
3
(82)
and as it can be seen classically a flow that starts on
the β+ axis remains on that axis. This means that we
are justified to construct wave functions like we did in the
previous section which are constrained to the β+ axis.
A set of conserved quantities which can be used to con-
struct ’excited’ states constrained to the β+ axis for our
quantum Bianchi IX models with a cosmological constant
and primordial magnetic field are
φ0Λ =
(
9pib2e2(α+β+) +
1
3
V e6(α+β+)
+3pie4α−2β+ − 3pie4(α+β+)
)m1 (83)
where m1 is a positive integer. Figures 18, 19 and 20
are three plots for a superposition of states with differ-
ent values for the cosmological constant and the aligned
primordial magnetic field. Our states have the following
mathematical form |∑10m1=0 e−m12ψΛ|.
ψΛ = φ0Λe
−S4 β−=0
(+0) (84)
FIG. 18. α = 1.3 Λ =
−1 b=0
FIG. 19. α = 1.3 Λ =
−1 b=2
FIG. 20. For α = 1.3 Λ = 0 b=2
VII. DISCUSSION
To begin analyzing our results we first need to adopt
an interpretation for the wave functions we computed in
this work. Two interpretations of quantum mechanics
which in the past have been used to extrapolate physics
from Wheeler Dewitt wave functions within the context
of quantum cosmology are the consistent histories ap-
proach [55] and the pilot wave approach [56]. However,
for our purposes we will use the following admittingly
naive interpretation which we will briefly outline. Even
though we cannot interpret |ψ|2 as a probability density
due to the lack of a known dynamical unitary opera-
tor, if we fix α, and only consider wave functions whose
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leading order terms don’t introduce the pathologies pre-
viously mentioned our wave functions are reminiscent of
normalizable probability densities as can be seen from
our plots. Each point in those plots at a fixed α rep-
resents a potential geometric configuration the universe
can possess which is specified by the values of the Mis-
ner variables (α, β+, β−). Associated with each of those
points in β space at a fixed α is a value of |ψ|2; it is not
unreasonable to conjecture that the greater the value of
|ψ|2 is, the more likely a Bianchi IX universe will possess
the geometry given by the β+ and β− Misner variables.
For example if |ψ (α, β1+, β1−) |2> |ψ (α, β2+, β2−) |2 we
would interpret this to mean that a Bianchi IX universe
described by ψ when it reaches a size dictated by α is
more likely to have a spatial geometry which possesses
a level of distortion from a perfectly round S3 described
by the values of (β1+, β1−) as opposed to (β2+, β2−). A
problem with our given interpretation though is that it
breaks down when the wave function of the universe goes
off to infinity when either β+ or β− grows without bound,
as is the case for Wheeler DeWitt wave functions whose
leading order terms are the pathological ones we previ-
ously mentioned. Also our interpretation breaks down if
the magnitude of the wave function goes off to infinity as
α approaches infinity like in the ’no boundary’ case.
Another problem is that it cannot assign numerical val-
ues of probability to a micro ensemble of geometric con-
figurations because whatever normalizable constant one
uses at a fixed α will not keep the distribution normal-
ized for a different value of α. This interpretation is best
at analyzing wave functions which don’t grow without
bound as any of the Misner variables approach positive
or negative infinity. Adopting this problematic interpre-
tation is not the author’s endorsement of this approach
over others for understanding results in quantum cosmol-
ogy. Rather, we are picking this interpretation because
it is intuitive for the solutions we are dealing with and
facilitates the elucidation of the points the author wishes
to make. In essence the author was inspired to pick this
interpretation despite all of its shortcomings because he
would like to let the bare solutions speak for themselves.
The author strongly encourages future work to be done
in extrapolating physics for the results presented in this
paper using both the Bohemian approach and consistent
histories.
A noteworthy feature of the closed form solutions (43)
we found is that as α approaches −∞, which physically
corresponds to a universe that is approaching a spatial
singularity, our wave functions approach zero. In light
of the interpretation we are using this means that the
Bianchi IX universes described by our wave functions
(43) are forbidden to form singularities in the same way a
particle in an infinite potential well is forbidden to tun-
nel out of it because its wave function vanishes at the
boundary. One may be inclined to say that these wave
functions represent universes which are singularity free,
and perhaps the key to resolving the singularity problem
in contemporary cosmology is to introduce anistropic de-
grees of freedom which played a large role in the early
universe but rapidly became less important after infla-
tion. The author would strongly discourage interpreting
the vanishing of our closed form solutions this way. The
full functional Wheeler DeWitt theory of quantum grav-
ity itself probably isn’t an accurate description of nature
near the Planck length [57]. This is due to the fact that it
has the spatial metric operator as its configuration vari-
ables. We have good reasons to believe that at the Planck
scale the description of space-time as a smooth mani-
fold with a Lorentzian signature metric breaks down [58]
[59]. Because the Wheeler DeWitt theory comes directly
from promoting the spatial metric, which is thought to
break down at the Planck scale to an operator, it is un-
likely to give an accurate description of nature near the so
called singularity. Furthermore, we didn’t even solve the
functional Wheeler DeWitt equation of quantum gravity,
rather by performing symmetry reduction we reduced the
degrees of freedom of the classical theory, and as a result
obtained a quantum theory of cosmology with only fin-
tely many degrees of freedom. Thus, our results are only
merely an approximation of a particular quantum theory
of gravity, which itself is not a good description of nature
near the singularity. At best our results capture some of
the qualitative features that quantum gravity has on the
development of a universe which is much larger than the
Planck volume, but also small enough so that quantum
mechanical effects cannot be ignored [57].
Another interesting feature of our wave functions (43)
is that they vanish either when β− is zero, or when both
β− and β+ are zero, thanks to the first order quantum
corrections S(1) they all possess. As α approaches infin-
ity or as the size of the universe grows without bound,
these wave functions do not peak at an isotropic(origin
of β space) geometry like the Bianchi IX solutions for or-
dering parameters B = ±6 do [51]. Mathematically this
can be seen because the Sinh term which is a function
of the betas is multiplied to the exponential portion of
our wave function, and is independent of α. If we inter-
pret these wave functions as ’ground’ states with a first
order S(1) quantum correction, we can see how residual
artifacts originating from certain quantum effects that
were prominent in the early universe in these Bianchi IX
universes persist no matter how large they grow. This is
a potential example of how features of a large universe,
most notably residual anisotropy can have quantum me-
chanical origins.
If we look at semi-classical approximate solutions, Fig-
ure 3 of our superposition of Joseph Bae’s solutions can
be interpreted to mean that at α = 0, this particular
universe can tunnel between four different geometries.
Three of these geometries are centered away from the ori-
gin(isotropy), and are due to the ’excited’ states, while
the highest peak originates from the ’ground’ state. How-
ever as α grows further the overall magnitude of the wave
function decreases, but the peaks originating from the
’excited’ states completely overtake the peak from the
’ground’ state as can be seen in figure 4. This would
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seem to indicate for the ’wormhole’ boundary condition,
that if a Bianchi IX universe can be described as a super-
position of ’ground’ and ’excited’ states, and if it grew
very large it most likely would not be peaked at isotropy.
Our ’no boundary’ and ”arm3” wave functions re-
stricted to the β+ axis can be interpreted similarly to
the superposition of Joseph Bae’s ’wormhole’ solutions.
Our superposition of semi classical states with differ-
ent boundary conditions give us an interesting picture.
For just the ”arm” solutions in figure 8 at α = 0 the
wave function isn’t strongly peaked at a particular ge-
ometry. Its highest peak is centered around isotropy but
it also has three ridges of roughly equal magnitude which
form a continuum of possibly many anisotropic states the
Bianchi IX universe can be in. If we let the plot in figure
9 speak for itself, it appears to be indicating that as α
grows the Bianchi IX universe with ”arm” boundary con-
ditions settles in an anisotropic state. Unlike our previ-
ous wave functions which were peaked at anistropy, these
”arm” solution are ’ground’ states which were formed
solely from the S(0) term. Because of their tendency as
α grows to not peak at isotropy, another proper name
of these ”arm” solutions would be the ”non-isotropic”
or ”anistropic” solutions. Figure 10 shows that depend-
ing on how the weights between the ’excited’ ’wormhole’
states and ”arm” states are assigned, that tunneling be-
tween sharply peaked geometric states is still possible,
but there will be a lot more noise in terms of the possible
configurations the universe can have due to the contin-
uous ridges of the ”arm” solutions. In figure 11 we see
that the ridges extend further away from the origin than
the peaks belonging to the ’excited’ states with ’worm-
hole’ boundary conditions. As a result for large α the
”arm” solutions dominate the behavior of the wave func-
tion, and as previously mentioned have a great affinity
for driving the Bianchi IX universe to a highly anistropic
state. If we include the ’no boundary’ solutions we see
that they dominate the wave function for large α. How-
ever, because the magnitude of ψ grows without bound
as α approaches infinity it is unclear how to form a co-
gent interpretation of what is occurring physically in a
universe represented by that wave function (figure 12 and
13).
By examining our leading order solutions with Λ it
can be seen that a cosmological constant is a driver for
anistropy for the Bianchi IX models. This is reflected
in the fact that as α approaches infinity, the leading or-
der solutions do not peak at isotropy as can be seen in
figure 15, a residual level of anistropy remains for anti
de Sittter (Λ < 0) universes. Our leading order Si±0)
terms indicate that the effects of the cosmological con-
stant become most prominent in quantum cosmology for
large α. This is not surprising considering the cosmo-
logical constant is thought to be related to what we call
dark energy [60]; and as the size of the universe increases
so does the amount of dark energy in it. Unsurprisingly
for α  0 the effects of the cosmological constant are
practically negligible because the term proportional to Λ
in Si±0) decays as e4α. Even though what we may have
said can appear obvious to the reader, it is important
to check that features of the classical system manifest
themselves in its quantum analog and in the case of the
addition of the cosmological constant to the vacuum di-
agonalized Bianchi IX models they do. If we include a
primordial magnetic field we obtain what we would ex-
pect classically. Notably that the primordial magnetic
field has a strong effect when the universe was small but
becomes almost negligible when it is large due to the pri-
mordial nature of the field. As can be seen in figure 16
a very strong primordial field can greatly increase early
universe anistropy, but unlike the cosmological constant
for large α its effects rapidly diminish. For the solutions
restricted to the β+ axis when both a magnetic field, and
a cosmological constant are present, the addition of an
magnetic field can decrease the amount of potential geo-
metric configurations a Bianchi IX universe can take on
as can be seen by comparing figures 18 and 19.
The above discussion isn’t meant to be a rigorous dis-
section of what is truly going on. But rather a very simple
surface analysis of the results presented in this paper.
VIII. CONCLUSION
The diagonalized Bianchi IX symmetry reduced
Wheeler DeWitt equation has been studied for over 50
years since Misner [10] first penned it down. Closed
form solutions of any kind have been very hard to come
by. In this work we significantly expand the number
of known closed form solutions to the Bianchi IX sym-
metry reduced Wheeler DeWitt equation for two par-
ticular Hartle-Hawking ordering parameters by applying
a Euclidean-signature semi classical method, and con-
structing our S(1) term so that they have as many non
trivial free parameters as possible; in the hopes that
those parameters can be tuned to truncate the infinite
sequence of equations this semi-classical method gener-
ates. Furthermore we analyzed Bianchi IX wave func-
tions restricted to the β+ axis corresponding to the ’no
boundary’ boundary condition and for an ”arm” bound-
ary condition. We were able to construct some interesting
semi-classical ’excited’ states from these restricted wave
functions. Finally we were able to obtain new solutions
for the Eucldiean-signature Hamilton Jacobi equation for
the Bianchi IX model with a cosmological constant, and a
primordial magnetic field present. These solutions were
used to construct semi-classical leading order solutions
to the Lorentizan signature symmetry reduced Wheeler
DeWitt equation. These results showcase how powerful
Euclidean-signature semi classical methods are for solv-
ing problems in quantum cosmology.
The work presented in this paper can be extended to
non communicative [61] [62] Bianchi IX quantum cosmol-
ogy. A through analysis of these new solutions using the
consistent histories [55] [63] or Bohmnian approach [56]
[64] can shed much light on the salient features of Bianchi
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IX quantum cosmology. Similarly the work in this paper
can further explored in a supersymmetric setting. Fur-
ther work can be carried out to derive a globally defined
S(1) term for the case when a cosmological constant is
present which can potentially open the doors to penning
a closed form solution to the actual Bianchi IX Wheeler
Dewitt equation, or at least proving that one exists.
Prior to writing this paper the author applied this semi
classical method, and other related methods to obtains
solutions to the Lorentzian signature symmetry reduced
Wheeler DeWitt equation for other Bianchi A models,
and for the LRS Bianchi IX and VIII models with and
without cosmological constant. In addition the author
applied this semi classical method to the case of a rotat-
ing Bianchi IX universe with matter and extended the re-
sults of [65] to Bianchi VIII and VII universes with a cos-
mological constant, and went beyond leading order. The
author plans to publish these findings in due time. The
potential applications of the Euclidean-signature semi-
classical method to problems in quantum cosmology and
beyond are quite vast. As a result the author very much
looks forward to seeing what future applications of this
method will produce.
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